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A NOTE ON THE DIMENSION OF THE BIVARIATE SPLINE
SPACE OVER THE MORGAN-SCOTT TRIANGULATION*

JIAN SONG DENGT, YU YU FENG', AND JERNEJ KOZAK?

Abstract. In [D. Diener, SIAM J. Numer. Anal., 27 (1990), pp. 543-551], a conjecture on the
dimension of the bivariate spline space S, (A) over the Morgan—Scott triangulation was posed. In
this paper, it is proved that the conjecture should be modified for all even r > 2.
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1. Introduction. Let S} (A) denote the space of C" differentiable bivariate
piecewise polynomial functions of total degree n over a regular triangulation A. It
is well known that in contrast to the univariate case, the problem of determining the
dimension of S} (A) is difficult. The lower and upper bound given in [10], [11] are far
apart for large r. The lower bound actually gives the dimension of the spline space
in many cases. The major difficulty is the fact that dim S}, (A) generally depends on
the geometric properties of the triangulation.

A case study for the dimension problem, encountered perhaps most frequently,
is the Morgan—Scott triangulation N, i.e., the Schlegel diagram of an octahedron
(Figure 1.1), introduced in [9]. The number of degrees of freedom in S} (A,,s) and its
dependence on the geometry of the partition have been studied in a number of papers
including [6], [8], [12], [4], [5], [7]. In this paper we show that a conjecture on when
the dimension exceeds the lower bound is correct for r = 2 but is not correct for even
r>4.
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Fic. 1.1. The Morgan—Scott triangulation.
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We follow the notation of [8], recalled on Figure 1.1. The boundary vertices are
denoted by Vi, Va, V3, and interior vertices as Vl, Vg, ‘73 The triangulation A,
consists of seven nondegenerate triangles T', T;, T;. Note that the line through Vi+1
and VHQ separates the vertices V; and VZ Thus, if r;, s; and ¢; are the barycentric
coordinates of the vertex V; with respect to the triangle T' := Vl‘?Q‘A/?,,

Vi=rVi+siVigr +tiVigo, i=1,2,3,

the coordinate r; is negative. Here and throughout the paper, all the indexes, denoting
the geometric objects in A,,s such as vertices, triangles, and barycentric coordinates
are taken modulo 3, i.e., V4 := Vj, V_1 := V5, etc. In order to avoid a discussion of a
very particular case, let us further assume that no two adjacent edges are collinear.
Then

(1.1) si#0, t; #£0, i=1,2,3.

In [8], the case n = 2r was studied, and the following bounds for the dimension
dim %, (A,s) were established:

a+o < dimSy.(Ams) < a+o+1,

. 2r +2 )
o= 9 , O:

with (+)4 := max(+,0). Further, dim S%.(A.s) = a + o unless the barycentric coor-
dinates of the vertices V; with respect to the triangle T satisfy

where

3 (r+1-35),
j=1

818283 = tltgtg, rodd,

(1.2) 515983 +titots, T even.

It was also conjectured in [8] that (1.2) gives the necessary and sufficient condition
for

dim S5, (Apms) =a+o+1

for all » > 1, and the conjecture was confirmed for » = 1,2. The conjecture was

further verified for » = 3 in [5], but it turned out to be wrong for r = 4 (see [7]). In

this paper, we extend the last result to general r and prove the following theorem.
THEOREM 1.1. Suppose that s18283 = —titats. For any even r > 2,

dim S5, (Ams) = a+ 0.

Thus the case r = 2 is an exception, and the conjecture in [8] should be modified
as follows: If r is greater than 2, then dim S%.(A,,s) = @+ o + 1 if and only if

518283 = t1t2t3.

2. Smoothness conditions. Smoothness conditions used in the paper will be
expressed as a relation between the Bézier ordinates of the adjacent triangles as in
[8]. Let

Pi[f}vk = 2717"(Z‘/Z +j‘72+1 + ka’,Q)’
Z+]+k:27”’ /= 172’37
Pi[,eJ]}k = 5 (Vi1 + Vi1 + EVp),
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(4] 4

be the domain points of triangles Ty, Ty € Ay and B; j k,ﬂAz[ ik the corresponding
Bézier ordinates associated with the domain points Py} k7p¢[€] x> respectively. Let

a;j,b;; and c¢; ; be the barycentric coordinates of V; with respect to the triangle Tj,
Vi = ai Vi + bijVier + e Vi

It is easy to derive the relations between a; j;, b; j,¢; ; and 7y, s;,t;. In particular,

toya Setet1 7278
Aol = = breyi = Tegy1— L Chekl = ST —
¢ ¢ ¢
S¢ S¢Set1 Seteyt
ap410 = e 17 bl+1,£ = tp— 7’6717 Coy1e = T¢— 7"671
+ + +

Given a spline s € S5, (Ams), let py := s|r, and p, := s|;, denote the polynomial

restrictions. In the Bernstein—Bézier form py and py read as

q (@)
pe(asbie) = > ﬂz[,y]',ki!j!k:! B,
itj+k=2r

. o (20 .
plabo= 3 A, G,
i+j+k=2r ’

where (a, b, ¢) and (a, b, ¢) are barycentric coordinates with respect to the triangles T}
and Ty. If the ordinates corresponding to the domain points in the triangle T" are zero,
then the smoothness conditions across the common edge of two adjacent triangles are
simply

Bigx=0. i<m
0=1,2,3.
Bz[ﬂ,k =Y { Z T,
The remaining smoothness conditions [2], [3] can be written as

A[z

s

ol
]47;€ = (ago41E1 + b 11 B2 + Cz,e+1E3)35;[€7]07i7

(2.1)
[e+1]

Ale

Q[J]k = (ars1,0B1 +boy1 0 Bs + coy1,0E3)* 65 o,
where 0 <i<nr, (L <jk<r i+j+k=2r (=123, and E1, Fy, F5 are shift
operators, defined in [3] as

Erfije = fivrgk Bofige = fijiie, Esfije = fijr+1-
Since for 1 < 5,k <, By; & appears in both relations (2.1), the remaining smoothness
conditions can be written as homogeneous relations among the Bézier ordinates for
triangles 71,75, T3 only,
i ole
(are+1E1 + brer1E2 + co o1 E3)’ ;[C,]O,i
41

= (apt1,0E1 + beyr,eEa + sz+1,eE3)kﬁj[-,;,ro],

where i <r, 1<jk<r, i+j+k=2r,and {=1,2,3.
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Let D(A) denote the set of the domain points for the triangulation A. For any
t =Pl € D(A), let A, be the linear functional on S} (Ay,s) defined by A;s == Sl

A set of the domain points G C D(A) is called the determining set for ST(A) 1f7jf70r

s €SN,
Ms=0forallte G — s=0.

If G is a determining set for S)(A), then dim S} (A) < #G, where #G denotes the
cardinality of the set of G (see [1]). We proceed to construct a particular determining
set that will allow the conclusion of Theorem 1.1.
Let us follow the paper [8], and let G’ denote the set consisting of all domain
points in the triangle T, the domain points
pl

r+m,n—m,r—m>

1<n< -, 1<m<Bn-—r—-1)4,0=1,2,3,

l\J\ﬁ

and the domain points in the set

{Pﬂn—j,j,r—m g <n<r1<j<r—n, (= 1,2,3} \ {Pg[i]_zm 0= 1,2,3}.

As shown in [8], there is a total of & + ¢ — 3 domain points in G’. Let us assume that
all Bézier ordinates associated with the domain points in G’ are zero. Then, as in the
proof of Theorem 1 in [8], all Bézier ordinates ﬁyj]- p With 4+ 7 +k =2r, 1 <2r -2,

and ¢ = 1,2,3 and all B} ,,, and 85 ,, with £ = 1,2,3 are zero. There are
only three index triples left to be examined. Put Ay := rasy1 000641 — (r —1). The
relations (2.1) for the index triple (1,7 — 1,7), say for £ = 2, read

BEL—M = (az3E1 + by3 B + c3E3) 7[3(]),1

_1 42 _ 2
= ‘123 15571,0,1 +(r— 1)”23 2b23ﬂ£r]72,1,1’

BE}T_LT = (ag2E1 + bsaEa + c30E3)" 57[ ]171,0
= a’32ﬂ2r 11,0 T rag, ! CBQﬁzr_2,1,1§

hence

—1 n[2] 3]
(2.2) as3 2r—1,0,1 — a§2ﬂ2r—1,1,0
_ -1 (3] 2
= rag, 032527’72,1,1 —(r—"1ayy b2352r 2,1,1°

Similarly at the point (1,7, — 1),

r a2 r—1 [3
(2.3) a23ﬂ£r]71,0,1 — Q32 ! £r]71,1,0
=(r— 1)005203255]72,1,1 - ra551b23ﬂ£2r]72,1,1'
By combining (2.2) and (2.3) one obtains

3] (r=1), . 5l3] r—2 (2]
a23 2r—1,0,1 — 332 7”2527’72,1,1 + 3053 A2/62r72,1,1'

Thus for general £,

(2.4) a, £+1B27‘ 1,01 — @£+1 zWﬁzr 2 1,1 T Ter1a, e+1A€ﬂ2r 2,1,1

r—1 ale+1] [e+1]
(2.5) Ay, ¢P2r—1,01 = A e+1r5+1ﬂ2r 21,1 T Waz+1 eAfﬂzr 21,1
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Consider now the triple (0,7,7), and take £ = 2 again. The relation (2.1) gives

/3([)27]71,74 = (a23E1 + bos Eo + c23EI3) /87" 0,0

-1
02352r 0,0 T Tass b23/82r 11,0t ray 023»82r 1,0,1

+r(r — 1)als 2 b2302352T—2,1,1’

B([f]m = (azoEy + b3oEo + c30E3)" 5r 0,0
= agQﬁgﬂ,o,o + Tanglb&ﬂérq,l,o + ragglcszﬁgﬂq,m
+r(r — 1)a§2_25320325£?;«]_2,1,1’
and generally
(2.6) a2,2+1ﬂ£ﬂ,0,0 + Ta22i1b£,£+16£€71,1,0 +rag e Z+1ﬂ£ﬂ’1’0’1
+r(r — l)azz_%_lbg,e+1C€,€+1ﬁ£€!72,1,1 a€+1 5/82?2)113
—mﬂll’gbz+1,éﬂg~+—ll],l,0 - ra}fill)chLeﬁzr_ﬂ,o,l

-2 [6+1]
—r(r— 1)a2+1,eb€+1,£0€+1,€ﬂ2r—2,1,1 =0.

Let

(1] [2]
B = (@r 2,1,17ﬂ2r 211a52r 2117627" 1,0,15 P2r—1,1,0s P2r—1,0,1>
T
(1] 2] (3]
ﬂQr 1107/827“ 101’/627‘ 1107ﬁ27"00’ 21,0,0° P27,0,0

be a column vector with 12 components that combines all nonzero Bézier ordinates
for our particular case. Each of the relations (2.4), (2.5), and (2.6) contributes three
conditions; hence (8 has to satisfy a homogeneous system of linear equations

(2.7) Mp =0,
where M := (m,])9 Z, is a 9 x 12 matrix, and its block representation reads

(2.8) M= ( My Mz M3 )

My May  Mos

where
r—2 r—1

—aj; “ro Ay —ay; T 0
r—2 r—1

—al; “r3As 0 —as; T
r—2 r—1

0 —ag3 “T3A2 —Q55 T2

Mll = r—1 r—2 ?

—aj, T2 —ag; “riA; 0
r—2

—als Lyg 0 —ay; “r1ds

r—1 r—2
0 —Q93 T3 —agy T2 A2
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s r—1 r—1 r—1 r—1 r—1 r—1
Mo =diag( ajy ", ajz s ass , a3y, az; , azy ),

r—2 r—2
T‘(T‘ — 1)0,12 b12012 —7‘(7‘ — 1)@21 b21621 0
r—2 r—2
My = 0 ’I“(’I“ — 1)a23 bascos —7“(7“ - 1)a32 bsacza |,
r—2 r—2
—’r’(’l” — 1)0,13 b13013 0 ’/’(’/’ — 1)a31 b31€31
ra’{;lclg Ta7{2_1b12 —ragl_lcm —ragl_lbm 0 0
r—1 r—1 r—1 r—1
Mooy = 0 0 TGys C23 TGy boz —Tas, €3z —Tas, b3z |,
r—1 r—1 r—1 r—1
—rajs €13 —raj; 013 0 0 ras; €31 rasg; bsi
T T
A —ay 0
M23 = 0 053 —a§2 s
T T
—ag3 0 asy

and M3 is a 6 x 3 zero matrix.

3. Two lemmas. In this section, we prove two lemmas.
LEMMA 3.1. Let s18983 = —tqtots. Then the relations

(31) rire + s1to =0, rorg 4 sot3 =0, r3ry +s3t; =0

cannot hold all at the same time.
Proof. Let s1s2s3 = —titats, and suppose that all relations in (3.1) hold. Since
ri, S;, t; are barycentric coordinates, r; +s; +t; = 1, and

1 = (Tl —|—51 +t1)(1"2 +52 —|—t2)(’f‘3 +83 —|—t3)

Expand the right side of this equation and omit the terms that sum to 0. This
produces

1=(r1+s1+t1)(ro+ s2+t2)(rs+s3+t3)

=r1ror3 +1r1(s2 +12)(s3 +t3)
+ra(s3 +t3)(s1 + t1) +73(s1 + t1)(s2 + t2)
+51(ror3 + sat3) + t1(ror3 + satz) + so(r173 + s3ty) + to(rirs + s3ty)
+s3(r172 + s1t2) + t3(rirm2 + s1t2) + (515283 + titats)

=r1ror3 +1r1(s2 +t2)(s3 +t3)
+ra(s3 +t3)(s1 +t1) +r3(s1 +t1)(s2 + t2)

=rirorg + (1 —r2)(1 —r3) +r2(l —r3)(1 —r1) + r3(1 —r1)(1 —72) <O,

since all r; are negative. This contradiction proves the lemma. 0
LEMMA 3.2. Let M = (Mij)?j;’:l = (mij)?fjlil be the matriz given in (2.8).

Then rank M = 8 if and only if s1s253 = t1tats. Otherwise the rank of M is 9.
Proof. Assumption (1.1) implies det(Mi2) # 0. If additionally sqs283 # *t1tats,
then
(titats)” — (s15283)"

det(MQ.?)) - (7"17’27‘3)7‘ # 05
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and the rank of M is clearly 9 since the last 9 columns of M are linearly independent.
In order to compute rank M in the case s;s9s3 = *titats, several row and column
rank-preserving transformations on M will be carried out. We shall describe only the
sequence of the necessary operations and shall not write out the consecutive matrices
obtained in the process. All these intermediate matrices will be denoted by the same
letter M, in order to avoid notational complications; thus we shall think of M as
an empty cupboard whose shelves are filled with different items in each turn. The
sequence of the operations to be performed on M is as follows:

1. Multiply the second block column by Mle. This reduces Mis to the 6 x 6
identity matrix.

2. Subtract column 2j + 2 multiplied by (r — 1)a;;i1bj7j+1 and column 2j + 3
multiplied by (r — 1)a;3i2cj7j+2 from column j, j = 1,2, 3. Replace row 9 by

row 7 X s5sy + row 8 X t7t5 + row 9 X shts.

Since s1s253 = *titots, the entries mg; for j = 1,2,3,10,11,12 are now reduced to
Z€ro.
3. Eliminate all the entries in the matrix My, i.e., substract

from the first block column. This replaces each element mg; for j = 1,2, 3 by the sum
22=1 MM k+3. In the case j = 1, the new value of the entry mg; turns out to be

r—1
t2

e

(32(—zs§sgsg + T T bty + 5L
1 51

mg1 = —T
r—1_r—1_r—1 r—1,r—1,r—1
Frorstita(s] sy sy — ]ty oty ))

Similar expressions are obtained for mgs and mgs.

Since now M, = 0, M5 = I, and M3 = (), as well as the first and the second
row of Mas are by (1.1) linearly independent, the first eight rows of M are linearly
independent. But the third row of Msjs is trivial, hence the matrix M will be of full
rank if and only if the last row of Ms; is not trivial. Suppose that r is even. If
$18283 = —t1tats, the entries mgoy, Mmoo, and mgz get simplified to

r—1
81558514
mgy = 2r ——"5— (rar3 + Sat3),
t37"1

r rar—1
818283ts

mga — 2r (T37"1 —+ Sgtl),

r—1
t17"2
T T r—1

818583t

r—1

(T1T2 —+ Sltg).
t27”'3

To3 = 2r

Lemma 3.1 then implies that mg1, mgo, and mgz are not all zero. Hence the rank
of M is 9. On the other hand, if s;s983 = t1tat3, then mg; = mgs = mg3 = 0 and
rank M = 8. O
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4. The proof of the theorem. Suppose that 6;«]70’0 and any two of

4
£T]72,1,1’ t= 17 27 37

are zero; for example, the first two. Then, by Lemma 3.2, the system of linear
equations (2.7) has only the trivial solution if sjs983 = —t1tats. Therefore, the set

1 1 2
Gg:=g'u {P2[r],0,o» P2[7‘]72,1,17 P2[r]72,1,1}

is the determining set for S5 .(A,s). There is a total of & + ¢ domain points in G.
Thus dim S5, (Anms) < o+ o. But in [10], [11] the expression a + o is proved to be a
lower bound for dim S (A,,s), so the equality

dim S5, (Apms) =a+ 0o

must hold. The proof of Theorem 1.1 is completed.
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